Abstract. The aim of this paper is to determine the non-abelian tensor square and Schur multiplier of groups of square free order and of groups of orders p 2 q, pq 2 and p 2 qr, where p, q and r are primes and p < q < r.
Introduction
The notion of non-abelian tensor product G⊗H of groups G and H which was introduced by R. Brown and J.-L. Loday [1, 2] is a generalization of the usual tensor product of the abelianized groups, on the assumption that each of G and H acts on the other. Specially, for given groups G, H each of which acts on the other
in such a way that for all g, g 1 ∈ G and h, h 1 ∈ H,
where G and H acts on themselves by conjugation. Then the non-abelian tensor product G ⊗ H is defined to be the group generated by symbols g ⊗ h, g ∈ G, h ∈ H, subject to the relations
for all g, g 1 ∈ G, h, h 1 ∈ H, where G acts on itself by conjugation, i.e. g g 1 = gg 1 g −1 , and similarly for H. In particular, as the conjugation action of a group G on itself satisfies (⋆), the tensor square G ⊗ G may always be defined. Keywords and phrases: Non-abelian tensor square, Schur multiplier. papers have appeared on the topic. Some investigate general structural properties of the tensor square, while the others are devoted to explicit descriptions for particular groups, for instance dihedral, quaternionic, symmetric and all groups of order at most 30 in [3] .
Later, Hannebauer [6] determined the structure of tensor square of the groups SL(2, q), P SL(2, q), GL(2, q) and P GL(2, q) for all q 5 and q = 9.
Ellis and Leonard [7] devise a computer algorithm for the computation of tensor square of finite groups which in its applications can handle much larger groups than those given in [3] .
Using the CAYLEY-program, they compute the tensor square of B(2, 4), the 2-generator Burnside group of exponent 4, where |B(2, 4)| = 2 12 . Recently, it is also improved for the groups SL(n, q), P SL(n, q), GL(n, q), P GL(n, q) for all n, q ≥ 2 in [4] and for extra special p-groups (p = 2) in [5] . These results extremely depend on knowing the order of M (G), the Schur multiplier of a group G.
In the present paper, we focus on the non-abelian tensor square of the group of square free order and groups of orders p 2 q, pq 2 and p 2 qr, where p, q and r are primes and p < q < r.
It should be mentioned, generally finding the structure of M (G) and G ⊗ G for a class of groups is not so easy. Although some computations of G ⊗ G for metacyclic and polycyclic groups have been done in [3, 9] without knowing M (G). So our result included some special cases which have been summarized as follows.
Theorem A. Let G be a group of order n, where n is a square free number. Then
Theorem B. Let G be a group of order p 2 q, where p and q are prime numbers and p < q. The structure of G ⊗ G is one of the following
is the quaternion group of order 8.
Theorem C. Let G be a group of order pq 2 , where p and q are prime numbers and p < q.
The structure of G ⊗ G is one of the following
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where H is an extra special q-group of order q 3 .
Theorem D. Let G be a group of order p 2 qr, where p, q and r are prime numbers p < q < r, pq = 6. The structure of G ⊗ G is one of the following
Basic Results
In this section, we recall some definitions and basic results on the tensor square which are necessary for our main theorems.
Let G be a group and G ⊗ G be the tensor square of G. The exterior square G ∧ G is obtained by imposing the additional relation g ⊗ g = 1 (g ∈ G) on G ⊗ G. Moreover, we denote by ∇(G) as the subgroup generated by all elements g ⊗ g. The commutator map induces homomorphisms κ : G ⊗ G → G, and κ
Results in Brown, Loday [1, 2] give the following commutative diagram with exact rows and central extensions as columns
where Γ is the Whitehead's quadratic functor (see Whitehead [10] ). Now let us remind the following theorems which play an important role in the proof of the main theorems.
Theorem 2.1. [3, Proposition 8] . If G is a group in which G ′ has a cyclic complement C,
where
Proof of Main Theorems
In this section we prove the main theorem as we mentioned earlier in section one.
Lemma 3.1. Let G be a finite non-abelian group.
(i) If G is a square free order group, then G ′ is cyclic.
(ii) If G is a group of order p 2 q, then
(iv) If G is a group of order p 2 qr and pq = 6, then |G ′ | = q, r or qr.
(v) If G is a group of order p 2 qr and pq = 6, then |G ′ | = 3, r, 3r, 4 or 4r.
Proof. One may use sylow theorems for examples in case (ii) to show the number of p-sylow subgroups of G is 1 or q and the number of q-sylow subgroups of G is 1 or p 2 . If G has one q-sylow subgroup Q, then G/Q is abelian and so G ′ = Z q . Otherwise p = 2 and q = 3,
hence |G| = 12 and we should have G ∼ = A 4 .
The proof of other cases is similar and we omit it.
Lemma 3.2. Let G be a finite non-abelian group.
(i) If G is a square free order group, then M (G) = 0 .
G is a group of order p 2 qr and pq = 6, then
If G is a group of order p 2 qr and pq = 6, then M (G) is as the same as part (iv).
Moreover if |G
Proof. The proof of the other parts is similar.
Lemma 3.3. Let G be a finite non-abelian group.
(i) If G is a square free order group of order n, then |G ⊗ G| = n .
If G is a group of order p 2 qr and pq = 6, then (ii) Suppose that G ab = Z p 2 . In this case |G ′ | and |G ab | are coprime and |G⊗G| = |G| = p 2 q by Lemma 3.2.
Now assume that G ab = Z p × Z p , if p = 2, then |G ⊗ G| = p 4 q by Theorem 2.2 and Lemma 3.2. Otherwise e(∇(G)) divides e(G) = 2q and e(Γ(G ab )) = 4. Hence e(∇(G)) = 2 and ∇(G) = Z 2 × Z 2 × Z 2 and it implies that |G ⊗ G| = 2 4 q.
We note that if G ab = Z 3 , then G = A 4 and this case is computed in [3] .
(iii) Suppose that G ′ is cyclic of order q 2 , so we have |G ⊗ G| = pq 2 by Theorem 2.1 and (iv) Suppose that G ab is cyclic, so |G ⊗ G| = |G| by Theorems 2.1 and Lemma 3.2.
